Abstract. We construct curves with many points over finite fields by using the class group.
Introduction
The question how many rational points a curve of given genus over a finite field of given cardinality can have is an attractive challenge and the table of curves with many points ( [10] ) has been a reference point for progress for genus ≤ 50 and small fields of characteristic p = 2 and p = 3. The tables record there for a pair (q, g) an interval [a, b] where b is the best upper bound for the maximum number of points of a curve of genus g over F q and a gives a lower bound obtained from an explicit example of a curve C defined over F q with a (or at least a) rational points. So N q (g) ∈ [a, b] with N q (g) the maximum number of rational points on a smooth connected projective curve defined over F q . For progress on the upper bounds we refer to the papers of Howe and Lauter, [1] and to the references given in the tables. It is the purpose of this little paper to record recent improvements of the table and at the same time give constructions for many of the present records of the table. The methods employ the class group and are variations on well-known themes and do not involve new ideas. We hope it inspires people to take up the challenge to improve the tables.
Using the Class Group
Let C be a curve of genus g defined over F 2 with 'many' rational points. If f is a rational function not of the form h 2 + h for h in the function field F 2 (C) of C then in the Artin-Schreier cover of C defined by w 2 + w = f all the rational points of C where f vanishes will be split. If the contribution of the poles of f is limited and f vanishes in many points this may yield curves over F 2 with many points. Serre applied this method (cf. [7] ) to construct curves over F 2 of genus g = 11 with 14 rational points (resp. g = 13 with N = 15 and g = 10 with N = 13) thus determining N 2 (10) = 13, N 2 (11) = 14 and N 2 (13) = 15. To find suitable f one uses the class group. Serre used an elliptic curve, but we may of course use higher genus curves as well. We illustrate the method by constructing many curves that reach or improve the present 'records'.
2.1. Base Curve of Genus 1 over F 2 . Let C be the (projective smooth) curve of genus 1 defined by the affine equation y 2 + y = x 3 + x. It has five rational points P 0 = ∞, P 1 = (0, 0), P 2 = (1, 0), P 3 = (1, 1) and P 4 = (0, 1). Since we have an isomorphism C(F 2 ) ∼ = Z/5Z of abelian groups such that under the isomorphism P i corresponds to i (mod 5), the divisor a i P i is of degree 0 and linearly equivalent to 0 if and only if 
So there exists a function f ∈ F 2 (C) with divisor (f ) equal to a given divisor a i P i if and only if the 5-tuple (a 0 , a 1 , . . . , a 4 ) ∈ Z 5 satisfies (1). Often we shall denote a relation for linear equivalence This gives curves C f1 and C f2 of genera g = 4 with N = 8 rational points. Note that N 2 (4) = 8, so these curves realize the maximum for genus 4. The fibre product C f1 × C C f2 has genus g = 11 with N = 14 rational points. Since the upper bound for N 2 (11) is 14, Serre (cf. [7] ) thus showed that N 2 (11) = 14.
Another example is the relation −7P 0 + 2P 1 + 3P 2 + P 4 + P 5 ∼ 0. If f 3 is a corresponding function then the Artin-Schreier cover is a curve C f3 with genus g = 5 and with N = 9 rational points as one readily checks. Note that N 2 (5) = 9. The fibre product C f1 × C C f3 is a curve of genus g = 13 with N = 15 rational points, hence N 2 (13) = 15, again due to Serre.
Combining f 1 with the function f 4 corresponding to the relation [−3, 2, 1, −1, 1] gives C f1 × C C f4 of genus 10 with N = 13 rational points. Note that the divisor of f 1 + f 4 is −2P 0 − P 1 + P 2 + 2P 4 + P 5 . Artin-Schreier reduction shows that the conductor of this cover is 2P 0 + 2P 1 + 2P 3 . This determines N 2 (10) = 13, a result due to Serre.
We list here eight relations that can be used to obtain more good curves; and reap the fruits by associating to a tuple f i1 , . . . , f ir the corresponding fibre product This reproduces many records of the tables and gives one improvement of the tables for curves over F 2 , namely for g = 32.
2.2. Base of Genus 2 over F 2 . Let C be the curve of genus 2 defined by the affine equation
It has six rational points P i (i = 1, . . . , 6) and class group Jac(C)(F 2 ) ∼ = Z/19Z. Let φ : C → Jac(C) be the Abel-Jacobi map given by Q → Q − deg(Q) P 1 . For a suitable numbering of the P i the images of the P i in Jac(C)(F 2 ) ∼ = Z/19Z are as follows
From this table we see that we have the following linear equivalence
If f is the function with the left hand side of (2) as divisor the curve C f obtained as the double cover of C defined by w 2 + w = f has genus g = 7 and 10 rational points. This is optimal. Similarly the relation
gives rise to a curve with g = 8 and 11 rational points, again an optimal curve over F 2 . Let Q be the divisor of zeros of the polynomial x 3 + x 2 + 1 on C. Then φ(Q) = 3 and −Q + 6 i=1 P i ∼ 0 which gives us a curve of genus 9 with 12 points, again an optimal curve.
We list a number of divisors of functions f n (n = 1, . . . , 10):
and we find as results: Again, we find one improvement, namely for g = 43.
We can also employ the class group for making an unramified cover of C of degree 19 in which P 1 splits completely. The genus of this cover is g = 20 and it contains 19 rational points. The interval is [19 − 21].
2.3. Base of Genus 3 over F 2 . Consider now the curve C of genus 3 defined over F 2 by the homogeneous equation
It has 7 rational points and its class group Jac(C)(F 2 ) is isomorphic to Z/71Z. We can number the rational points P i (i = 1, . . . , 7) such that their images φ(P i ) = class of (P i − P 1 ) under the Abel-Jacobi map are as in the following table. There is a divisor Q 3 of degree 3 with φ(Q 3 − 3 P 0 ) = 9 and one of degree 5, say Q 5 , with φ(Q 5 − 5 P 0 ) = 35 (mod 71); there is also a divisor Q 7 of degree 7 with φ(Q 7 − 7P 0 ) = 21. We list a number of relations:
that yield the following results: Note that for f 1 we have to do Artin-Schreier reduction. If the conductor would be 3P 0 (resp. 3P 0 + P 6 ) then C f1 would give g = 7, N = 11 (resp. g = 8, 12), and these are impossible. So the conductor is 3P 0 + 3P 6 giving (g = 9, N = 12), an optimal curve. Again we find one improvement (for g = 24) for our tables. The interval for genus 69 comes from page 121 of [6] .
2.4. Base of Genus 5 over F 2 . Consider the fibre product C of C 1 given by y 2 + y = x 3 + x and C 2 given by y 2 + y = x 5 + x 3 over the x-line. This is an optimal curve of genus 5 with 9 points. Its Jacobian is isogenous with the product of the three Jacobians of the curves C 1 and C 2 and the curve C 
Base Curve of Genus
3 over F 3 . The curve C of genus 3 given by 2 x 4 + x 3 z + 2 x 2 y 2 + x 2 yz + x 2 z 2 + 2 xz 3 + 2 y 4 + 2 y 3 z + 2y 2 z 2 =
Subgroups of the Class group
Let C be a smooth complete irreducible curve over F q with Jacobian Jac(C) and class group G = Jac(C)(F q ). We choose a rational point P , provided there is one, and consider the morphism φ : C → Jac(C) given by Q → Q − deg(Q)P . If H is a subgroup of G of index d containing the images {φ(P i ) : i ∈ I} then there exists an unramified degree d coverC of C in which the points P i with i ∈ I split completely. Choosing C and I appropriately can produce curves with many points.
3.1. Base of Genus 4 over F 2 . The reader might think that it is necessary to start with a curve with many points. To dispel this idea start with the genus 4 curve given by the equation
over F 2 which has three rational points P 1 , P 2 , P 3 . The L-polynomial is 16 t 8 + 4 t 6 + 4 t 5 + 4 t 4 + 2 t 3 + t 2 + 1, hence the class number is 32. In fact, the class group is Z/2Z × Z/16Z and the differences P i − P 1 map to (0, 0), (1, 0) and (1, 8) . Hence there exists anétale cover of degree 8 in which the three points split completely. This gives a curve of genus 25 with 24 points. This is optimal.
Or start with the hyperelliptic curve of genus 5 given by
again with three rational points and class group Z/2Z × Z/30Z with the points now mapping to (0, 0), (1, 0) and (0, 15). This gives anétale cover of degree 15 with genus g = 61 with 45 points, very close to the best upper bound 47 and improving the interval [41 − 47] of [6] , p. 121.
3.2.
Genus 2 over F 3 . We consider the curve C of genus 2 over F 3 given by the affine equation y 3 − y = x − 1/x. The zeta function is (9t 4 + 12t 3 + 10t 2 + 4t + 1)/(1 − t)(1 − 3t) and its class group is isomorphic to Z/6Z × Z/6Z. The images of the 8 rational points under the Abel-Jacobi map are [0, 0], [2, 4] , [1, 0] , [1, 4] , [0, 1], [2, 3] , [5, 5] , [3, 5] in (Z/6Z) 2 . The subgroup of the class group of index 12 given by x 1 + x 2 ≡ 0 (mod 3) and x 1 ≡ x 2 ≡ 0 (mod 2) contains [0, 0] and [2, 4] and thus leads to a cover of degree 12 of genus g = 13 and with 24 rational points (interval [24 − 25]). There is a place Q 2 of degree 2 which maps to [2, 1] in the class group. The relation Finally, consider the curve C defined over F 3 by the equation y 2 = 2x 5 + x 4 + x. It has 6 rational points and zeta function (9t 4 + 6t 3 + 4t 2 + 2t + 1)/(1 − t)(1 − 3t) and class group Z/22Z. The six points map to 0, 11, 12, 10, 3, 19 ( mod 22). We thus see that there is anétale cover of degree 11 with genus 12 and 22 rational points (interval [22 − 23]).
Let C be the curve of genus 2 over F 3 defined by the equation y 3 − y = x + 1/x. The zeta function of this curve is
and its class group is Z/15Z × Z/15Z. The curve possesses 20 rational points over F 9 . The images of these points under a suitable Abel-Jacobi map are given by [0, 13], [0, 8] , [7, 9] , [8, 12] , [14, 13] , [1, 8] , [6, 12] , [9, 9] , [14, 2] , [1, 4] , [2, 9] , [13, 12] , [4, 7] , [11, 14] , [9, 6] , [6, 0] , [4, 8] This curve has 10 points over F 3 and has class group isomorphic to (Z/14Z) 2 and the 10 points go to [0, 0], [1, 0] , [6, 13] , [7, 3] , [13, 7] , [4, 12] , [11, 11] , [6, 2] , [4, 7] The subgroup defined by x 2 ≡ 0 (mod 7) has index 7 and contains the images of 4 points. The corresponding curve over F 3 has genus 15 with 28 rational points; this is optimal.
Or consider the hyperelliptic curve given by the equation The hyperelliptic curve of genus 4 over F 3 given by y 2 + xy = x 9 − x has class group Z/2Z × Z/126Z and the six rational points map to (0, 0), (1, 0), (0, 125), (0, 1), (0, 14), (0, 112) and so the index 14 subgroup containing four of these points gives rise to a cover of genus 43 with 56 points improving the interval [55 − 60].
3.4. Examples over F 4 . Let C be the hyperelliptic curve of genus 2 over F 4 given by y 2 + y = x 5 + x 3 + x with class group Z/7Z × Z/7Z. It has a cover of degree 7 in which three points split completely giving a curve of genus 8 with 21 rational points (interval [21 − 24]).
3.5. Genus 3 over F 9 . Let α be a generator of the multiplicative group F * 9 and consider the curve C of genus 3 given by y 3 − y = α 2 x 4 over the field F 9 . This curve has 28 rational points, the bitangent points of a plane model. The class group is of the form (Z/4Z) 6 . The 28 points map under an Abel-Jacobi map to the following elements in (Z/4Z) 6 .
[ 
Using the class group over extension fields
Let C a smooth projective curve defined over F q of genus g and with m rational points. Let J be its Jacobian variety. It is easy to see that if Z(C, t) is the zeta function of C/F q and Z n (C, t) the zeta function of C considered as a curve over F q n then we have Z n (C, t n ) = ζ Z(C, ζt), where the product is taken over the nth roots ζ of 1. If we write Z(C, t) = L(C, t)/(1 − t)(1 − qt) and
. Moreover, we know that #J(F q ) = L(C, 1) and #J(F q n ) = L n (C, 1) and we thus get
Since under the Abel-Jacobi map the F q -rational points of C map to J(F q ) we conclude that there exists an unramified cover of C defined over F q n of degree d = ζ n =1,ζ =1 L(C, ζ) in which all the F q -rational points split completely. Thus we find a curveC of genus d(g − 1) + 1 with at least dm rational points. This idea was exploited very succesfully by Niederreiter and Xing in their papers [2] up to [6] . Here we employ it more systematically by going through all isomorphism classes of curves of low genera. This improves the tables at many places.
We now list all possible L-functions of genus 2 curves over F 2 . By N i we mean #C(F 2 i ).
If we now take n = 2 we get curves defined over F 4 ; for example we find the following cases that do not give improvements of the table for F 4 but good realizations of the present records. With n = 3 we get the following cases We can use curves of higher genus too. Going through all non-hyperelliptic curves of genus 3 over F 2 gives two improvements for the Doing the same for curves of genus 2 over F 9 gives the following. For exhaustive references we refer to the bibliography of the tables, [10] . For general background on curves over finite fields we refer to the book by Stichtenoth [9] and for general background on curves over finite fields with many points to Serre's notes [8] and for an overview of the methods of Niederreiter and Xing to [6] .
